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On a Class of Multiple.Line Directional Couplers*

C. R. BOYD, JR.~, MEMBER, IRE

Summary—Multiple-line directional couplers that utilize only

two linearly independent modes of propagation are possible, pro-

vided certain restrictions on the maximum coupling are not exceeded.

This paper discusses a class of multiple-line directional couplers
which may be considered as a generalization of the familiar double-
stub four-port directional coupler. The basic design relations for the
symmetrical case are developed, and frequency behavior is inves-
tigated. Experimental results for an L-band six-port hybrid junction
are presented and compared with theoretical curves.

Limitations on maximum coupling and fabrication problems will

probably confine the number of lines in practical circuits to a small

value. Bandwidths of couplers of thk class tend to become narrower

for the same total coupling off the main line as the number of lines

is increased; however, standard techniques for broadbanding are

applicable. Experimental results on the six-port hybrid junction
agreed well with theory, and the circuit proved to be relatively

compact.

INTR0DL7cTIoN

4
LTHOUGH four-port directional couplers have

been extensively studied in the literature, not
A much attention has been focused on couplers of

more than four porf:s. This situation undoubtedly results

from the fact that combinations of four-port couplers

can often be made to serve the function of a single

coupler having more than four ports. However, there are

some special circumstances, particularly where rela-

tively large coupling or symmetrical behavior is re-

quired, for which aI~ array of four-port couplers w-ill not

suffice. For such cases, it is desirable to have the alter-

native of constructing as a unit a directional coupler

circuit having more than four ports.

One fairly obvious method for producing such a cir-

cuit is to use an array of uniform, electrically parallel

transmission lines which are coupled together over some

length, and in the proper manner to provide cfirectivity

and impedance match. This problem has been analyzed

in very general terms by Shelton,] with the important

special case of the six-port hvbrid junction discussed in

a later publication by Shelton and Kelleher. z However,

these works do l~ot describe the results of actual experi-

ence with multiple-liue couplers, nor is any specific de-
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sign information provided to permit construction of a

circuit with particular characteristics. This paper is in-

tended to provide the latter information for a particular

class of muItiple-liue directional couplers; namely,

those which are based on an array of lines, having

uniquely defined phase velocity of propagation, which

are periodically interconnected by branch lines. This

ChLSS may thus be considered as an extension of the fa-

nliliar “double-stub” four-port directional coupler3 to

a larger number of ports.

In the analysis which follows, an attempt has been

made to outline the problem in a manner which conl-

promises simplicity and thoroughness. Thus, the eigen.

value nature of the transmission line array problem is

not developed in detail, and the basic design relations

are worked out only for the symmetrical case. The fre-

quency dependence of the class of couplers considered

is investigated in sufficient detail to permit the behavior

of specific cases to be computed with a minimum of

effort according to techniques which are fully outlined.

Finally, experimental results for a six-port hybrid junc-

tion are presented and compared with theoretically ex-

pected performance.

GENERAL CONSIDERATIONS

For the purposes of this analysis, an ideal multiple-

line directional coupler will be defined as an n-port

lossless, reciprocal junction having a scattering matrix

of the form

r 1 1

(1)

where a is a square matrix of rank n/2, with ti its trans-

pose. Thus the junction consists of two sets of n/2 ports,

where all ports within a given set are mutually isolated.

For the type of geometry to be studied, i.e., one involv-

ing electrically parallel trausn]ission lines with coupling,

it is readily de]nonstrated on heuristic grounds that

each set of ports must comprise one end of the array of

lines. The coupling then occurs as a result of the trans-

mission characteristics of the system rather than as the

result of controlled reflections: thus ‘(backward” cou-

3 C. G. lJIontgomery, R. H. Dicke? and E. hl. Purcell, “Principles
of Lficrowave Circuits, ” ilIcGraw-Hdl Book Co., Inc., New York,
N. Y., p. 309; 1948.

.,
pp. 154–161; ilIarch, 1961.
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pling similar to that used in the directional coupler de-

scribed by Firestone ,4 01iver,5 and Knechtlib is unsuit-

able.

The eig-envalue nature of the uniform multiconductor

transmission line problem has been explored by Pipes’

and others. In general, it is found that for a Iossless sys-

tem of n+ 1 parallel conductors, there exist n distinct

velocities of propagation and consequently n unique,

linearly independent, orthogonal (in a power sense)

solutions for voltage and current on the lines. For cases

in which less than n distinct velocities of propagation

exist, the number of linearly independent solutions re-

mains the same, but modes at degenerate velocities are

no longer unique. The homogeneously filled case and

the case where one conductor is warped to form a shield

which isolates the remaining conductors from each

other are ones in which an n-fold degeneracy can be as-

sumed. The utility of the mode approach, of course, is

that a problem involving multiconductor transmission

lines can be reduced after rotation to its normal co-

ordinates to a number of problems in simple transmis-

sion lines, whose solutions are well known and may

sometimes even be written by inspection. It is the eigen-

value problem, therefore, that underlies the ‘(symn~etri-

cal analysis)’ methods that have been used in the study

of four-port j unctions8–10 and which will be used here

in the description of the multiple-line directional cou-

plers of interest.

Consider, then, an array of n identical, parallel, iso-

lated transmission lines. Suppose further that a mono-

chromatic traveling wave is impressed on one of these

lines, and that the remaining lines are unexcited. A dis-

tribution of excitation such as this can be represented

as the linear superposition of an unbalanced mode, in

which all lines are driven equally against ground, and

one or more balanced modes, in which no ground cur-

rents flow. For example, the phasors of Fig. 1 depict the

situation described when the unbalanced mode and

only one balanced mode are used to represent the postu-

lated excitation.

In order to obtain directional coupler behavior of the

prescribed sort, it is necessary to couple the lines to-

gether over some region; the conditions which must be

satisfied by the balanced and unbalanced modes are

4 IV. L. Firestone, “Analysis of tral]smission line directional
couplers, ” PROC. IRE, vol. 42, pp. 1529–1538; October, 1954.

5 B. M. Oliver, “Directio]lal electromagnetic couplers, ” PROC.
IRE, vol. 42, pp. 1686–1692; November, 195+.

6 R. C. Kmxhtli, “Further analysis of transmissiomlilie cfirec-
tional couplers, ” P~oc. IRE, vol. 43, pp. 867-869; July, 1955.

7 L. A. Pipes, “Matrix theory of multi-couductor transmission
liues, ” Phil. Mug., vol. 24, pp. 97-100; July, 1937.

8 B. .4. I.ippman, “The Theory of Directional Couplers, ” Radia-
tion Lab., Mass. Inst. ‘1’ech., Can] bridge, Mass., Report ~No. 86o;
December 28, 194S.

g F.. M. T. Jones and J. ‘1. Bolljabll, “CoL]I)led-sLriI>-tr*l ls]l]issiol]-
line ii]ters and directioila! couplers, ” 1RI? “1’RANs. ON ~11CRC)WA\73
THEORY AND TECHNIQUES, vol. MT”~-4, pp. 75-81; April, 1956.

‘0 J. Reed and G. J. W’heeler: “.4 method of analysis of sym-
metrical four-port networks, ” I Rb TRANS. ON NIICROWAVE THEORY

AND TECHNIQUES, vol. MTT-4, pp. 246–252; October, 1956.
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Fig. l—Mode phasor diagrams,

readily determined. First, the various modes must be

independently matched at the input to the coupled re-

gion when the output lines are properly terminated, so

that no reflected waves are launched, i.e., isolation be-

tween input ports is maintained. Also, the electrical

geometry must be symmetrical so that symmetry in the

coupling is preserved, which implies that conversions

between unbalanced and balanced modes do not result

from the coupling. Finally, the coupling must produce a

differential phase shift between modes propagating

through the coupled region so that waves appear on all

lines at the output end.

The mode configuration which is basic to the class of

directional couplers of interest here is one of the sinl-

plest, namely the two-mode system of Fig. 1. If the

amplitude of the resultant applied wave is taken as

unity, then the amplitudes of the unbalanced mode

phasors are each I/n, and the balanced mode phasors

have amplitudes of (n – 1)/rz (for the excited line) or

I/n (for the unexcited lines), where n is the number of

transmission lines in the array. Suppose now that these

two modes propagate through a coupled region such

that no reflections or mode conversions take place, but

that a differential phase shift of angle 20 occurs. Then

the wave amplitude which appears on any line at the

output of the coupled region can be found simply by a

vector addition of the two mode phasors representing
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the total amplitude on that line. For the two-mode

system, only two possibilities exist, viz.,

1) Excited line,

11=/e 1 – -: (n – 1)(1 – Cos 20) (2)
)12

2) IJnexcited line,

———————

[efl =

d
:(1 – Cos 20). (3)
nz

It is a simple matter to verify that power is conserved

by this operation, i.e.,

]el’+(~l- l)le’l’=1. (4)

The most conspicuous deficiency of the symmetrical

two-mode system is its property that the maximum

obtainable coupling falls off steadily as the number of

lines increases. The maximum coupling to the auxiliary

lines is achieved when 20 =n-, and has the magnitude

le’lmJX=~- (5)

Thus the maximum total amount of power Pt that can

be transferred from the excited line to the auxiliary

lines is a monotonically decreasing function of n,

P, = YO(~~ – 1)1 e’lz = 4.170~-Q (6)
‘rl2

where YO is the characteristic admittance of each line

in the group. The IIimitations imposed by this relation-

ship are illustrated in Fig. 2.

One important special case of the multiple-line direc-

tional coupler is that in which the output lines have

equal amplitude for excitation on a single input line.

The familiar 3-db directional couplers, or 90° hybrid

junctions, are two-line systems having this property.

Three-line systems so constructed may be defined as

six-port hybrid junctions, four-line systems as eight-

port hybrid junctions, and so on. The basic condition is

that

[0=+” (7)

In the two-mode coupler, the value of Ie’12 has the up-

per bound given by (5) above. This upper bound is

greater than I/n for n <4, equal to l/TZ for n =4, and

less than I/n for n >4. Consequently, two-mode hybrid

junctions of more than eight ports are not possible, a

fact which has been previously pointed out by Shelton

and Kelleher. 2 Hybrid junctions with more than eight

ports are possible, of course, by interconnecting an array

of four-port or six-port junctions, or by using a larger

number of modes in the same general configuration as

above. For example, a ten-port hybrid junction can be

postulated which uses four modes at four different phase

shift angles. The physical realization of such a ten-port

junction would necessarily be quite different than the

two-mode realization to be described at this point.

REALIZATION OF THE TWO-NIODE COUPLER

Given the basic array of parallel transmission lines,

the problem of realization is that of specifying the

proper kind of coupling. The existence of four-port

couplers is certainly sufficient evidence that the proper

kind of coupling can be achieved for two-line systems;

reason demands, therefore, that the coupling arrange-

ments of four-port junctions be examined for clues lead-

ing to more general structures.

One of the oldest and simplest of four-port junctions

is the “double-stub’) coupler of Fig. 3. I n this junction,

the two lines are coupled by a pair of identical quarter-

wave branch lines spaced a quarter wave apart. For un-

balanced-mode propagation, a virtual open-circuit

exists at the mid-point of each of these branches, and

the net effect is that of capacitive loading of each of the

parallel lines by susceptances equal in magnitude to the

characteristic admittance of the branch lines. For lbal-
anced-mode propagation a virtual short-circuit exists

at the midpoint of each branch, producing an equivalent
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o BASIC GEOMETRY
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Fig. 3—Four-port double-stub coupler properties,

inductive susceptance of magnitude equal to the branch

characteristic impedance. Because of the equal suscep-

tive loading and the quarter-wave spacing of loads,

both modes are then simultaneously matched by alter-

ing the characteristic admittances of the parallel lines

between the branches. Finally, the difference in sign of

the loading causes a differential phase shift to occur be-

tween the two modes as they propagate through the

structure so that directional coupler behavior is ob-

tained.

Suppose now that a third parallel line is added to the

system, and that a pair of eighth-wavelength branch

lines are connected from it to the midpoints of the

existing branch lines. A three-line system is thus pro-

duced which preserves the property that a virtual open

circuit exists for the unbalanced mode and a virtual

short circuit for the balanced mode at the symmetry

point of the branch structure. Then the same equivalent

circuits can be drawn for the two modes of the three-

line system as for the two-line system, and the same

impedance-matching conditions apply. A fourth line

having eighth-wavelength branches connected to the

centers of the branch stars can be added, again without

altering the match conditions; this in turn may be fol-

lowed by a fifth line, etc., up to as many lines as de-

sired. Of course, while the number of lines is in principle

unlimited, practical considerations would undoubtedly

place restrictions on the complexity of the array.

The band-center design relations for double-stub

couplers are well known, and may be immediately ex-

tended to the multiple line case. The derivation is so

simple, however, that it seems worthwhile to repeat it

here so that a particularly useful geometric relationship

between design parameters can be presented. Thus, for

the unbalanced mode [see Fig. (3b)],

input match condition is given by

where

July

the band-center

(8)

VO = characteristic admittance of input and output

lines

I’ol = characteristic admittance of parallel connecting

lines

Y“z = characteristic admittance of shumt branches,

Solving for Yolz,

The same matching condition obviously applies to the

balanced mode case. From elementary transmission

line theory, the voltage at the output shunt branch for

the unbalanced mode is related to the input voltage at

band center by

l+P
V..t = – I’in ‘—

l–p
(10)

where p is the reflection coefficient at the output branch.

However,

l+p Yol = Y,,( Yo – j Vo,)

l–p=
(11)

Yo + j YW Y“? + Yo2~

and upon substitution according to (9) for the denom-

inator,

F(I – j YI12
V..t = – jVi.

Y“l “ (12)

In polar form, (12) reduces to

Vout = V,n exp
{( )}

–j ir/2 + tan–l ~ . (13)

The 7r/2 angle is, of course, the result of the quarter-

wave spatial separation between input and OUtpLlt

branches; however, the additional angle is caused by

the shunt loading of the branches, and contributes to

the differential phase shift between modes. By cor-

responding analysis, it is seen that the balanced mode

angle has the value —r/2 +tan–1 YuZ/ Y“, i.e., the

shift caused by shunt loading is in the opposite sense.

Since the total differential phase shift angle, defined

previously as 26, is the sum of these equal terms, it is

concluded that

Y(L?
—— = tan 0.
Yo

(14)

The relationships of (9) and (14) are all the informa-

tion that is required for the design of a simple coupler

once the angle 6’ has been chosen; and the value of 0, of

course, is governed by the number of lines and the de-
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Fig. 4

Yol

The short-circuit admittance parameters for the um-

balanced and balanced modes are easily determined, ancl

the normalized admittance matrices found to be

F(I1 Ycm ,81
—cotfil —-tan~
Yo Fll

Yol

1

‘osinBz (17)
171)2_ tan ~

Yo 2

Yl)l
——

‘1

1’0 ‘inPZ (18)
YI12_ cot g

1“0 2

Triangle relationship for design parameters.
where ~ is the phase constant of the lines and 1 the dis-

tance between couplin~ stubs.

sired degree of coupling, according to (2) and (3). The From Fig. 4, it ~ ev:dent that

conclusions of (9) and (14) are easily remembered by ob-

serving that the magnitudes Yo, Yol, and Y02 form a

right triangle having 0 as the included angle of sides Y“

and I?ol. This triangle is illustrated in Fig. 4.

In order to determine the frequency dependence of

the double-stub directional coupler, it is necessary to

analyze its circuit properties in somewhat greater depth.

.4 method of analysis which can be used to advantage is

to write the short-circuit admittance parameters for

each of the two characteristic modes of propagation,

then form the Ye-normalized admittance matrices for

each mode, from which scattering matrices are derived

according to the well-known matrix relationship

s =’ (1 – Y)(1 + Y)-’. (15)

The total scattering matrix may then be found by adcf -

ing appropriate combinations of the unbalanced-mode

Yol 1
——. ——

1“0 – Cos 0

I-o?
—=tan O
1’0

After some algebraic manipulation, the

matrices for the two modes are found to be as

(a–c)2– b2–l–2j(a–c)

‘“r’’”= [(a – c)’ – b’ – l]!+ l(a – t)’

“[(a–c)’+1–b’ 2jb

2jb (a–c)2+l–

(a–d)’– b’–2j(a(d)d)
Sbal =

[(a – d)’ – bz – 1]2+ 4(a – d)’

.r(a–d)’+1–b’ 2jb

1- 2jb (a–d)’+l–

(19)

scattering

iOHOws:

b, 1
(20)

b, 1
(2 [)

and balanced-mode scattering matrices. Of course, the where the quantities a, b, c, and d are defined as

number of elements which must be computed is reduced
cot Bl

considerably by the symmetry of the junction; from a=——

Fig. 1, it can be seen that only two types of output exist Cos $

for the two-mode system. In addition, two types of re- ~=tanotan~

flection must be considered, so that there are only four

distinct parameters regardless of the total number of
2

ports. Thus the total scattering matrix is of the form A considerable savings

5’=

effected by recognizing

by some angle ~,

1
b=

cos O sin f?l

~= _tanocot~

2“
(22)

in computational labor can be

that when fll differs from 90°

(a – c)pt=90_$= – (a – d)pt=go+~

bgl=go-~ == b~l=go+ti. (23)

Then it follows that
(16)

R,{ S1l”lLL,,, ]61=90-+ = R.{ S11J6[ =90+0 (2,4)

~m{ ~ll,j,,bdll 13t=90-# = – ‘m{ S11h,l,}6L=90+$ (25)

R,{ 5’12U1,JPL= W-0 = }— Re{sl’bzl 81=90++ (26)

IffL{ s12unbJ 13L=90-+ = Iti{s1’2bJl ?l=90+d. (27)
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Fig. 5—Real part frequency dependence, unbalanced
mode reflection coefficient.

Since the elements of these matrices are of prime im-

portance in determining the over-all circuit behavior,

the dependence of the unbalanced mode parameters on

the angle @ for selected values of O has been plotted in

Figs. 5–8.

Knowing the elements of the mode scattering ma-

trices, it is possible to compute the four independent

parameters of the total scattering matrix of (16), which

represents the actual performance characteristics of the

junction. These are found by vector addition as indi-

cated in Fig. 1, and are given by:

1
1’ = — [Sll”.ba, + (’JZ– 1)s11,.,1 (28)

‘n

~ = ~ [Sllu,lbal – s11b3,] (29)
n

1
? = — [Slz”.br, + (?2 – m12ba,J (30)

‘n

‘i = + [~lzu,,b,,– Snb,,,]. (31)

Thus not only are the transmission coefficients de-

pendent on the number of parallel lines in the system,

but the reflection coefficients as well.
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Fig. 6—Imaginary part frequency dependence, unbalanced
mode reflection coefficient.

EXPERIMENTAL RESULTS FOR A SIX-PORT

HYBRID JUNCTION

As a means of verifying the theory of stub-type multi-

ple-line directional couplers developed above, a six-

port hybrid junction has been constructed and tested.

This junction utilizes strip transmission line construc-

tion techniques and is consequently quite compact, con-

sidering its 1030 Mc center frequency. The basic ge-

ometry of the circuit is shown in the sketch of Fig. 9.

The main case of this junction is a brass disk about

one-half inch thick and 3$ inches in diameter. The top

and bottom surfaces of this case are machined to pro-

vide shallow cavities of &inch height after fitting on

the top and bottom covers. A ‘(sandwich” of two teflon

sheets and a brass strip conductor is then placed in each

cavity, the conductors having the general shape out-

lined in the sketch. Thus each cavity contains one of

the required star-connected set of branches, while the

electrically parallel quarter-wave connecting lines are

folded and communicate between the two stars through

holes in the internal wall separating the two cavities.

The input and output connections are made by means

of type-N connectors (not shown in Fig. 9) which are

assembled to the top and bottom cover plates.

The design criteria for the six-port hybrid j unction

are readily determined from the previously developed
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relationships. Using (3) with I e’ I z = ~ and n =3,

* = $(1 — Cos 20)

or

{

~ 60°
e = +COS-I (–;) =

+120° “

Taking O= 60°, it follows immediately from

Fol = 2 Yo
——

v,, = <3 Y,.

(15)

(16)

Fig. 4, that

(17)

For Y.= 20 millimhos (20= 1/Vu= 50 ohms), the proper

values for Yo1 and YOZ are 40 millimhos (Zol = 25 ohms)

and 34.6 rnillimhos (202= 28.9 ohms), respectively.

These were used in constructing the six-port junction

described above.

A series of experimental measurements of input

VSWR and coupling to all ports was conducted on this

junction to determine its behavior over a range of fre-

quencies about band-center. Relative signal ampli-

tudes were determined at low signal level by the IF sub-

stitution method, using a calibrated precision attenu-

ator. The data obtained are plotted in Fig. 10, and

compared with theoretical performance curves. The

latter curves were developed using the computational

methods outlined in the previous section of this paper.

,Rm,.,,,m
0

I
T- *

40.

/

/

30 c. I I /

;
>

20 “s.,
..(!4 UNE

‘ ‘m 900 S60 K#m ,0s0 ,,00 ,,50 ,*CU
FRm2”ENc” ,N MC

Fig. 10—Theoretical and experimental performance
for the six-port hybrid junction.

It is evident that a close correspondence exists between

the theoretical and experimental performance, except

for the reflections on the auxiliary lines in the vicinity

of band-center. The latter deviation is very probably the

result of small asymmetries in the junction construc-

tion, and could be reduced by sequential modifications.

CONCLUSIONS

Within the limitations on the maximum possible cou-

pling, the two-mode system offers a conceptually sim-

ple method of obtaining multiple-line directional coupler

behavior. Furthermore, the design relations for the

double-stub realization are few in number and elemen-

tary in form. The physical structure of the double-stub

realization also lends itself readily to the fabrication of

practical circuits.

Since the double-stub multiple-line directional cou-

pler is a logical extension of the four-port double-stub

coupler, it follows that the same techniques for improv-

ing bandwidth can be applied. Thus three, four, or more

stubs can be used in a binomial or periodic arrangement

to achieve the same band-center conditions, but with

superior performance off band-center. The binomial

arrangement in particular has received a great deal of

attemtion in the literature.

The six-port hybrid j unction is perhaps the single

most useful multiple-line directional coupler of the class

investigated here. In addition to the obvious applica-

tion of lossless power division by three, it is also possible

to use the six-port junction as a circuit for summing

power from three coherent sources. By placing a fixed

short circuit and two variable-phase short circuits on

the three mutually isolated ports of a six-port hybrid

junction, a three-port junction can be obtained which

will switch power applied at a designated input port to

either of the two remaining ports, maintaining a match

at the input except under transient conditions. Finally,

six-port hybrid junctions can be combined with four-

port hybrid junctions to build up larger arrays which

may be of use in antenna systems.2
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